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Abstract—Superconducting current instability in thin rings, 
irradiated by a coherent microwave electromagnetic field, is 
studied. On the regular circular motion of the Cooper pairs in the 
supercurrent states the field imposes coherent oscillations of the 
condensate as a whole. The oscillating condensate should emit 
photons with the energies determined mainly by the discrete 
values of the superconducting ring energy. For the first time the 
probability of the supercurrent decay accompanied by the two- 
photon emission, is derived.  Numerical results for the energy-
angular distributions of the photons, as well as the waiting time 
of the stimulated two-photon transition depending on both the 
ring sizes and fluxoid number in the initial current state, are 
presented. 
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I.  INTRODUCTION  
The microwave field-induced decay of the supercurrent in 
thin rings with single-photon emission has been predicted in 
[1]. This effect can be observed only in the thin-film rings, the 
thickness of which is less than both the field skin-depth and 
the London penetration depth. Under this condition the 
coherent field can cause the collective transition of all the 
Cooper pairs involved in the supercurrent. The latter decays by 
quantum jumps that correspond to destruction of one or 
several the magnetic-flux quanta (fluxoids) trapped in the ring. 
Of course, in massive rings the effect cannot occur and the 
supercurrent is persistent.  
The first-order perturbation term of the electromagnetic 
interaction operator   
                           rAj dV ˆˆˆ ,                                    (1) 
where  jˆ  is the operator of the superconducting current 
density in the ring, Aˆ is the  vector-potential of the 
electromagnetic field generated by the ring, and the integration 
is taken over the ring volume r , is inversely proportional to 
r , as was shown in [1]. Hence the composite matrix element 
of (1) which describes the sequential emission of the two 
photons by the ring, 2 r .The matrix element of the 
electromagnetic interaction, which is proportional to 2Aˆ  and 
describes the simultaneous emission of two photons, 1 r , 
as we see below. Thus,  for macroscopic rings the two-photon 
emission will be determined by the last interaction.  
In the report we, based on the above motivation, study the 
microwave field-stimulated two-photon emission from the 
superconducting rings. We show that for the micron size rings 
this emission is characterized by larger probabilities as 
compared with single-photon one. 
 
II. THE CONDENSATE WAVE FUNCTION 
Consider a thin superconducting ring with the rectangular 
cross section. Its inner radius a  (where   is penetration 
depth) and the outer radius b  such that  ab , and 
1/)(  bab .  The ring thickness d  is less than both the 
field skin-depth and the London penetration depth. 
    Properties of superconducting rings are completely 
determined by the condensate wave function m , where m  is 
the number of the magnetic induction flux quanta (fluxoids), 
trapped in the ring. So, this function is defined the 
quantization of the magnetic flux 0mФmФ  , the discrete 
values of the total current LmФ / , and the ring energy which 
is composed of the magnetic energy and  the kinetic energy of 
the Cooper pairs, 20mEmE  , where  eФ /0   is the 
fluxoid, L  is the ring self- inductance and LФE 2/200   is 
the ring characteristic energy. 
    In a superconductor the identical wave functions for all the 
Cooper pairs are phase coherent. It leads to a macroscopic 
coherent state in which all the pairs are in the same quantum 
state with the well-defined phase. The wave function of a pair 
includes the wave function of the internal motion, wave 
function for the center of mass and the spin function of the 
pair. The first function has the characteristic length scale 
defined by the coherence length that 310 angstrom for the 
BCS superconductors and 30 angstrom for the HTSC 
materials. In the supercurrent state the second function is 
described by the phase function )exp( mi .  
    The condensate wave function which contains the identical 
wave functions for all the Cooper pairs is asymmetric. For the 
singlet pairing it is achieved by its asymmetric spin part. The 
interaction of the condensate with electromagnetic fields does 
not affect on the spin variables. Therefore, without any 
restriction, the spin wave function of the condensate can be 
omitted. Further, we assume that the normalized wave 
functions of the internal motion of the pairs do not change at 
the supercurrent transitions.  As a result, this phase function 
)exp( mi  for each boson is important.  
    The superconducting condensate can be described as the 
superposition of states N|  with different numbers of the 
Cooper pairs N . This superposition has the form of the 
coherent wave packet [2,3]:                                                                
                
N
NNmNcm |)(ρ ,                      (2)                                           
where Nc is the probability amplitude of the state with 
N particles, and the normalized condensate wave function for 
this state can be written as:  
                           )exp(
1
)( miN
r
Nm 

ρ .                     (3) 
 Here r  is the ring volume,  mm   is the phase of the 
single boson wave function,   is the azimuthal angle in 
cylindrical coordinates tied to the ring ( ba    and 
2/2/ dzd  ).  
    The amplitude Nc  is peaked up around the average value 
N  in the ring. The width of this peak N  is the standard 
deviation of the number of bosons in the condensate, or, in 
other words, the uncertainty in their numbers. Of course, 
1/  NN . N and m  are canonically conjugate variables. 
In general, N  is large and the phase may be treated as quasi 
classical [2]:                                                         
                           ))0cos(02 temdt
d
 A ,                      (4)             
                                       
where the right-hand side of (4) is the force induced by the 
coherent electromagnetic field irradiated the ring,  0A and 
0  are its amplitude and frequency 0 . The latter is assumed 
to be small as compared with the superconducting gap. Also, 
we imply that the wavelength of the field is much larger than 
the characteristic size of the ring, so that the field can be 
considered as uniform. Without loss of generality, the vector 
0A  is considered to be directed against the y axis for the 
unit vector of which we have  cosyii .  
    From (4) with the initial condition  mtm  )0( , we find 
that the phase of the single boson wave function in the initial 
state of the ring is: 
                     )0sin()sin(
0
02)( t
eA
mtm 


 .              (5) 
                                             
    Of course, this field can change the ring energy in the initial 
state. To avoid this, we consider the field of low intensities, 
for which the field correction to the boson velocity  
Cmm / v  ( Cm  is the mass of the Cooper pair) is small, 
                                    12)/0( mb ,                                (6) 
where                                                           
                                         
0
02
0 


eA
 .                                   (7) 
Thus, in the case (6)   the potential energy of the condensate in 
the external field )0cos(02 teNfU rE does not influence 
the ring energy, but only change the phase of the wave 
functions for the bosons (5). 
III.   THE TRANSITION OPERATOR 
    We study the stimulated transition of the superconducting 
condensate with N  bosons from the initial state 
corresponding to the m  fluxoids, trapped in the ring, to the 
final state with )(1 mm   fluxoids. This process accompanied 
by the two-photon emission, means the simultaneous transition 
of all the Cooper pairs.  The Hamiltonian of the system can be 
expressed as: 
                                 fUWHH  0 ,                               (8) 
where 0H is the Hamiltonian for the initial supercurrent state 
and free electromagnetic field,                                                                            
                                    rA d
Cm
Ne
W 2ˆ
22
,                             (9) 
A  is the  vector-potential of the electromagnetic field 
generated by the superconducting ring, Cm  and e2  is the 
mass and charge of the Cooper pair.  
   As discussed in section II, at low microwave intensities, 
satisfied (6), one can neglect  the field correction to the ring 
energy. It means that the commutator of the potential energy 
of the Cooper pairs in the classical electromagnetic field fU  
and the Hamiltonian 0H  is small.  
    The evolution operator satisfies the equation: 
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with 1)0,0( S . In the first order over the operator W we 
have: 
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It is easy to see that the action of 
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  on the 
wave function (3) results in the change the phase of the single 
boson wave function which corresponds to (5). 
IV.   TWO PHOTON EMISSION 
    Taking into account (9) and (11), the amplitude of the 
transition 1mm   is given by: 

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     Here 
11kl and 22kl are the polarization vectors of the 
photons with the energies 
1k and 2k ; 1k , 2k and 1k , 
2k are the  polar and azimuthal angles of their wave vectors. 
     Using (2) and (12)-(13), the probability of the transition 
channel 1mm    is written as: 
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average over the photon polarizations, 
1l and 2l are the 
azimuthal angles of the  polarization vectors of the photons. 
      For calculation of the integral in the right-hand side of (14) 
we used the procedure presented in [1]. Omitting these bulky 
calculations, we result in the expression for the probability of 
the transition (15) that is valid for the ring with the average 
number of the Cooper pairs 910N  at their density 
32110 см ( for mesoscopic rings it is only the first term of a 
series ):  
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 is the fine structure constant, e is the Compton 
wavelength of the electron, )( bRaR   is the effective 
radius of the ring (it can be introduced because 
1/)(  bab ), )21
2(0/1 mmEk     is the relative 
energy of the photon, cmmdE 2/)21
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and D is the correlation function, 
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The integrals in (16) are restricted by: 
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It should be noted that the two-photon probability is 
proportional to the square of the fine structure constant. It is 
due to the "quantum" energy  of the ring 20
 eE  . 
    Taking into account (5)-(6), in the expression (16) the low-
frequency field strength is restricted by: 
                                m
ReE
mm 
0
02
1 
.                       (18)   
That is, the formula (16) is valid only for  the decay channel 
1mm   satisfying the conditions  10 mma   and 
 10 mmb  . These channels can be named as the allowed 
ones. According to (18), the higher the low-frequency field 
strength the greater number of the allowed transitions. In the 
case   10 mmb   the decay probability for the channel 
1mm is exponentially small, and this transition can be 
treated as forbidden. 
V.   NUMERICAL RESULTS AND DISCUSSIONS 
Calculations of the two-photon transition probabilities were 
carried out for the rectangular cross-section rings with the 
outer radii 5b and 7,16 , the inner radius ba 8.0 , 
and the ring thickness was assumed 800d  angstrom.  The 
penetration depth is used the typical value for the type-II 
superconductors 0310*2 A . We used the results for the 
self-inductance 0/ LLR   of superconducting thin flat rings 
as a function of the quantity ba / , shown in Fig. 2 of  [4]. 
Then, introducing the notation  aLR  , we obtained 
1.7)5(   b 374)5(0  bE meV and 
6.4)7.16(   b , 173)7,16(0  bE meV . 
     Let us estimate the intensity of the low-frequency 
microwave field with the frequency 1120 10
 c and 
5.30 R .  That is, the three  transitions with 3,2,11  mm  
are allowed.  Using (6), we have eRE /08.10  . For 
10R  we obtained the  intensity 2/3.1 cmmW . 
 
Fig.1. The energy distribution of photons emitted by the 
superconducting rings. Curve 1 - 5b , 3.10 R , 11m ; curve 2 –
5b , 3.40 R , 101m , 21  mm ; curve 3 - 7.16b , 
3.10 R , 101m , 11  mm ; curve 4 - 7.16b , 3.50 R , 
101m , 51  mm . 
The energy spectra of the photons are demonstrated 
in Fig. 1. The distributions are always peaked up around the 
photon energy 2/)21
2(0 mmEp  . With the increasing 
of the fluxoid number in the initial state the peak width 
decreases sharply (curves 1 and 2 in Fig.1), that is, the 
probability that each of the two photons has the energy p , 
is increased. The reducing of the uncertainty in the energies of 
the photons can also be obtained by increasing the intensity of 
the microwave field that results in the increasing of the 
number of the allowed transitions (curves 3 and 4 in Fig 1.). 
      The polar angle distributions of the emitted photons are 
always peaked up around 2/ ,as shown in Fig. 2. The peak 
width decreases with increasing the change of the ring energy 
)21
2(0 mmE  . The increase of this energy can be obtained by 
decreasing the ring size, and increasing the fluxoid number in 
the initial state. Also, the narrowing of the peak can be 
achieved the increasing of the microwave field intensity 
(curves 1-4 in Fig. 2). 
    The azimuthal angle distributions of the emitted photons are 
always peaked up around angles ,2/
2,1
 k  and  2/3 that 
corresponds to the y -axis along which  the  microwave  field 
strength   is   directed.  Note   the   spatial   correlation   in the 
emission of two photons, which is apparent from (17): 
 
Fig. 2. The polar angle distributions of photons. Parameters: 
5b , 3.40 R and 101m . Curve 1 – the decay channel 
11  mm ; curve 2 – 21  mm ; curve 3  - 31  mm ; curve 4 - 
41  mm . 
0coscos
21
kk  . With account of the polar angle 
distributions discussed above, it means that the maximum 
probability of the two-photon emission meets the condition 
21 kk  . That is, two photons are emitted in nearly opposite 
directions, with the photon wave vector approximately 
perpendicular to the z-axis. 
 
Table 1. The lifetimes (in seconds) for allowed two-photon 
transitions  in the rings with 5b  and 101m .  
 
The lifetimes 1)(
11
 t
mm
wt
mm
  for allowed transitions in the 
dependence on the amplitude of the microwave field given in 
units R0 , are presented in Table 1. Together with the 
lifetimes, the total energies of the emitted photons are shown. 
At low intensities the microwave field  10 R   allowed 
transitions are absent, and the superconducting current in the 
ring is persistent. For rings with  7.16b  the lifetimes are 
about one order of magnitude greater than the data presented.  
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R0
 
t
mm ,1  
(75 eV) 
t
mm ,2  
(150 eV) 
t
mm ,3  
(223eV) 
t
mm ,4  
(296eV) 
t
mm ,5 (s) 
(368 eV) 
1.3      0.078         -       -        -         - 
2.3     0.482    0.035       -        -         - 
3.3     1.111    0.186     0.067        -         - 
4.3      1.965    0.392      0.338     0.033         - 
5.3    3.106    0.671     0.705    0.168     0.069 
